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Magnetohydrodynamic and Electrohydrodynamic Control
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The focus of this work is on theoretical analysis of fundamental aspects of high-speed flow control using electric
and magnetic fields. The principal challenge is that the relatively cold gas is weakly ionized in electric discharges
or by electron beams, with ionization fraction ranging from 10~8 to 10~5. The low ionization fraction means
that, although electrons and ions can interact with electromagnetic fields, transfer of momentum and energy to or
from the bulk neutral gas can be quite inefficient. Analytical estimates show that, even at the highest values of the
electric field that can exist in cathode sheaths of electric discharges, electrohydrodynamic, or ion wind, effects in
a single discharge can be of significance only in low-speed core flows or in laminar sublayers of high-speed flows.
Use of multi-element discharges would amplify the single-sheath effect, so that the cumulative action on the flow
can conceivably be made significant. However, Joule heating can overshadow the cathode sheath ion wind effects.
Theoretical analysis of magnetohydrodynamic (MHD) flow control with electron beam ionization of hypersonic
flow shows that the MHD interaction parameter is a steeply increasing function of magnetic field strength and
the flow velocity. However, constraints imposed by arcing between electrode segments can reduce the performance
and make the maximum interaction parameter virtually independent of Mach number. Estimates also show that
the MHD interaction parameter is much higher near the wall (in the boundary layer) than in the core flow, which
may have implications for MHD boundary layer and transition control. The paper also considers “electrodeless”
MHD turning and compression of high-speed flows. Computations of a sample case demonstrate that the turning
and compression of hypersonic flow ionized by electron beams can be achieved; however, the effect is relatively

modest due to low ionization level.

Nomenclature

B = magnetic field

B., B, = z component and r component
of the magnetic field

B,(z) = local amplitude of B field on the z axis

B max = maximum value of the magnetic field

cy = friction drag coefficient

Eei = effective electric field

E* = electric field in the reference frame moving
with the gas, E4+u x B

E, = electric field strength at the anode

E. = Hall field corresponding
to the arcing threshold

Ecan = electric field strength at the cathode

E, E? = nonequilibrium and equilibrium values of
vibrational energy per unit volume

E; = azimuthal electric field component in the
reference frame moving with the gas

e = electron charge

[ = total energy (internal energy, excluding the

energy of vibrational mode, plus kinetic
energy) of the gas per unit volume
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z component and 7 component

of the j x B force

functions defined in Eq. (21)

column vector in Euler equations

total enthalpy entering the inlet per unit time
flight altitude

Planck’s constant

electric current density

current density of the beam

at the injection point

azimuthal current density component
load factor

rate coefficient of collisional detachment
of electrons from negative ions

rate coefficients of collisional momentum
transfer between different kinds of particles
length of magnetohydrodynamic

(MHD) region

electron beam relaxation length

Mach number

mass of an atom/molecule

positive ion mass

negative ion mass

mass of electron

mass flow rate

number of consecutive elements
(multiple discharges)

number density of oxygen atoms
number density of gas molecules
number densities of positive ions,
negative ions, and electrons

static gas pressure

electric pressure

electron gas pressure

partial pressure of neutral particles

total pressure averaged over the inlet
cross section

freestream total pressure

positive ion partial pressure
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negative ion partial pressure

total power deposited by the e-beam

Joule dissipation rate

power deposited per unit volume into
vibrational excitation

heating rate per unit volume

due to vibration-translation (VT) relaxation
dynamic pressure

power density deposited by the e-beam
ionization rate due to electron beam
column vector in Euler equations
magnetic Reynolds number

Reynolds number calculated

at the reference temperature 7*

coordinate

inlet radius

maximal radius of the numerical domain
MHD interaction parameter (Stuart number)
MHD interaction parameter with respect
to shear stress at the wall
translational-rotational gas temperature
vibrational temperature

reference temperature

column vector in Euler equations

gas velocity

freestream velocity

z component and 7 component

of the gas velocity

effective electron-ion velocity components
across magnetic field taking into account
ion slip

characteristic velocity in the near-wall region
(friction velocity)

convective velocities of electrons, positive
ions, negative ions, and neutral
atoms/molecules

ion and electron drift velocities

energy cost of ionization, that is, the loss of
electron beam energy per each newly
generated electron in the plasma
coordinate

column vector in Euler equations
electrohydrodynamic

(EHD) interaction parameter

total interaction parameter

ratio of Joule and viscous dissipation rates
EHD interaction parameter

for the boundary layer

coordinate

inlet axial location

maximum length of the numerical domain
Townsend ionization coefficient
electron-ion recombination rate coefficient
ion—ion recombination rate coefficient
fluxes of electrons, positive ions,

and negative ions

specific heat ratio

work done on an electron by the induced
Faraday electric field during the electron’s
lifetime with respect to dissociative
recombination with ions

initial energy of beam electrons

internal energy (excluding the energy of
vibrational mode) per unit mass
permittivity of free space

ratio of the ionization cost to the work done
on an electron by the induced Faraday
electric field during the electron’s lifetime
fraction of the Joule dissipation rate spent on
vibrational excitation of molecules

turning angle of the flow
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% = dynamic viscosity

Lo = permeability of free space

Vy = electron attachment frequency (i.e., the
number of attachments per unit time)

0 = gas density

Poo = freestream density

o = scalar electrical conductivity

T = shear stress at the wall

TvT = nitrogen vibrational relaxation time

1% = electric potential

Q. = electron Hall parameter

QL = ion Hall parameter

1. Introduction

HERE is a growing interest in using weakly ionized gases (plas-

mas) and electric and magnetic fields in high-speed aerodynam-
ics. Wave and viscous drag reduction, thrust vectoring, reduction of
heat fluxes, sonic boom mitigation, boundary-layer and turbulent
transition control, flow turning and compression, onboard power
generation, and scramjet inlet control are among plasma and MHD
technologies that can potentially enhance performance and signifi-
cantly change the design of supersonic and hypersonic vehicles.!~3°
Meanwhile, despite many studies devoted to these new technologies,
anumber of fundamental issues have not been adequately addressed.
Any plasma created in gas flow and interacting with electric and
magnetic fields would result in gas heating. This heating can cer-
tainly have an effect on the flow and, in some cases, can be used
advantageously. However, a more challenging issue is whether sig-
nificant nonthermal effects of plasma interaction with electric and
magnetic fields can be used for high-speed flow control.

In conventional MHD of highly conducting fluid, electric and
magnetic effects give rise to ponderomotive force terms V (gg E2/2)
and V(B?/2u,), which can be interpreted as gradients of electric
and magnetic field pressures. These ponderomotive forces are suc-
cessfully utilized for plasma containment in fusion devices and also
play an important role in astrophysics. One might hope that these
forces can also be used for control of high-speed flow of ionized
air. However, the great importance of ponderomotive forces in fu-
sion and astrophysical plasmas is due to the fact that those plas-
mas are fully, or almost fully, ionized and, therefore, are highly
conductive. In contrast, high-speed air encountered in aerodynam-
ics is not naturally ionized, even in boundary layers and behind
shocks if the flight Mach number is below about 12, due to the
low static temperature. Therefore, ionization has to be created ar-
tificially, using various electric discharges or high-energy particle
beams, '618.22-24.26-28.31-34 T most conditions, the artificially cre-
ated plasmas are weakly ionized, with ionization fraction ranging
from 1073 to 10~°. Because of the low ionization fraction and elec-
trical conductivity, interaction of the plasma with electromagnetic
fields and transfer of momentum and energy to or from the bulk
neutral gas can be quite inefficient.

In the present paper, we derive analytical formulas for the so-
called interaction parameters that characterize EHD and MHD ef-
fects on gas flows. Numerical estimates based on these formulas
are then performed to determine the trends and ranges of conditions
where EHD and MHD effects can be significant.

II. Theoretical Analysis of Magnetohydrodynamic
and Electrohydrodynamic Effects in Weakly
Ionized Gas Flows

A. Basic Equations

To analyze effects of electric and magnetic forces on weakly ion-
ized gas flows, we denote number densities of electrons, positive
and negative ions, and neutrals as n,, n., n_, and n; velocities as
V., Vi, V_,andV,; and pressures as p,, p+, p—, and p,. Rate co-
efficients of collisional momentum transfer between different kinds
of particles will be denoted k., k., ken, ko, k4, and k,,_. Electric
and magnetic fields are denoted as usual: E and B. For simplicity,
we will assume that masses of both positive and negative ions are
equal to the mass of a neutral molecule, and any of those greatly
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exceeds the electron mass m: M, =M_= M, > m. Equations of
motion for a four-fluid mixture are then

d(mV,
n (’Z[ ) en B4V, x B) — Vp, — keonnm(Ve — V)
—ke_nen_m(V, —V_) — kegn.nm(V, —V,) (1
d(M,V,)
n+T =en,(E4+V,xB)—Vp, —k.nn.m(Vy—-V,)
— k+,n+n,M,, (V+ -V.)— kn+n+nMn(V+ -V )
dM,V_)
}LT = —en_(E4+V_xB)

—Vp_—kenn_m(V_-V,)—ky_nn_M,(V_—-V,)
—ky_n_nM,(V_—-V,) 3)

d(M,V,
n(T) — —Vpy — ketenm(Vy, — V)

- kn+”+nMn (Vn - V+) - k,l,l’l,l’an (Vn - V—) + MAvn (4)

where u is the dynamic viscosity. Adding these equations, we obtain
a single-fluid equation containing the total density o, mass veloc-
ity u, pressure p = p, + p+ + p— + p., and electric current density
j=en,Vy—n_V_—n,V,):
du .

pZ=—Vp+e(n+—n,—n(,)E—}—JxB—}—;LAu ®))
Note that the viscous terms in Egs. (4) and (5) are written for the
simplest case of incompressible flow with constant viscosity, be-
cause the main focus is on interaction of charged species with elec-
tric and magnetic fields and with neutral molecules [the second and
third terms on the right-hand side of Eq. (5)]. However, the resulting
Eq. (5) can be easily written for the general case of compressible flow
with variable viscosity: the well-known viscous terms of Navier—
Stokes equations should be simply substituted for the last term on
the right-hand side of Eq. (5).

B. Electrohydrodynamic, or “Ion Wind,” Flow Control

Consider EHD effects first. These effects, alternatively referred to
as “ion wind,” are represented by the second term on the right-hand
side of Eq. (5). The strength of the EHD effect is proportional to
the net space charge density. Bulk plasmas are known to be quasi-
neutral, that is, in them, n, ~n_ +n, with very good accuracy.
Substantial EHD effects can be expected only in the presence of
a significant space charge, which is the case in cathode sheaths or
in space-charge regions of corona discharges. Having those space-
charge regions or sheaths in mind, in what follows we will neglect
n_ and n, in comparison with n, . The change in momentum of a gas
element moving along the x axis through a space-charge region is
d(pu)=en,E -dt =en, E - dx/u. Therefore, the relative strength
of EHD effects can be characterized by a dimensionless EHD inter-
action parameter equal to the ratio of EHD push work to the fluid
momentum flux:

Zgup = en+Ag0/pu2 (6a)

where Agp = f E dx is the voltage fall across the space-charge
region.

An alternative way of expressing EHD effects is to use the
Poisson equation, which in a one-dimensional case can be writ-
tenasdE /dx =e(ny —n_ — n,)/&. With the Poisson equation, the
second term on the right-hand side of Eq. (5) can be transformed

into
dE d 80E2
e(ny —n_ —n,)E =gE— = —

dx ~ dx\ 2

which can be interpreted as a gradient of the “electric pressure”
pe =&0E?/2. Therefore, in a one-dimensional flow between the

anode and cathode of a glow discharge, the drop of electric pressure
between the anode and cathode is

Apg = (80/2)(E3am - Ej)

where E,, and E, are the electric field strengths at the cathode
and anode, respectively. In most cases, E, is negligible compared
with E ., (Ref. 36). Thus, the EHD interaction parameter can be
expressed as

en;Ag _ Apg _ soEczmh (6b)
pu? pu? 2pu?

Two principal examples of electric discharge systems that have sub-
stantial voltage drops across space-charge regions and may be used
for EHD flow control are positive corona and the cathode sheath of
a glow discharge.

In a positive corona in atmospheric air, . can realistically reach
about 10® cm™3, and Ag can be from several kilovolts to several tens
ofkilovolts.*® With Ag = 40kV, the interaction parameter Zggp will
be at least 0.1 only for flows with very low dynamic pressure, 3 Pa
or less. For standard sea-level air, this means that the flow velocity
should be 2 m/s or lower.

In cathode sheaths of glow discharges, ion density can reach
about 10'' cm™3 (Ref. 36). Cathode voltage fall in normal (low-
current) glow discharges is about 200-300 V, and it can reach about
1 kV in abnormal (high-current) glow discharges.® Then, to make
Zgup > 0.1, the dynamic pressure should be less than 80 Pa, corre-
sponding to the maximum flow velocity below 11.3 m/s in standard
sea-level air, or below 35.8 m/s in air with one-tenth normal density.
Note that effects of surface glowslike discharges with dielectric bar-
rier on low-speed flows have been experimentally demonstrated.’”-3

In principle, a stable discharge with electron density on the order
of 10"2-10"® cm™ can be maintained between the cathode and the
anode in longitudinal airflow preheated to 2000-3000 K at a pressure
of 1 atm (0.1013 MPa) (Ref. 39). In such systems, assuming that the
temperature is 2400 K, the charge number density is 10'2-10'3 cm 3,
and the cathode voltage fall is 1 kV; the EHD interaction parameter,
according to Eq. (6a), can reach 1 at dynamic pressure of 800—
8000 Pa, corresponding to flow velocities of 23—72 m/s.

An estimate of the maximum EHD effect can also be obtained
with Eq. (6b). If thermal emission of electrons from the cathode is
insignificant, so that electrons are emitted due to the ion and photon
bombardment of the cathode and then multiply in the cathode sheath
in Townsend avalanche processes, then the cathode electric field E.
can be very strong: Ec,p/n~ 1074V . cm? (Ref. 36). Therefore,
for the highest value of Zgyp in Eq. (6b), not only does the cath-
ode sheath have to be dominated by Townsend processes, but the
gas density should be as high as possible. If a Townsend cathode
sheath could exist at normal atmospheric density, then the EHD
interaction parameter would reach 1 at dynamic pressure of about
1600 Pa, corresponding to a flow velocity of about 50 m/s. At a den-
sity of one-tenth of standard sea-level atmospheric density, diffuse
glow discharges in air with Townsend cathode sheaths certainly can
exist; in that case, Z & 1 at a dynamic pressure of about 160 Pa,
corresponding to a flow velocity of about 16 m/s.

Note that, when assessing EHD effects on specific gas flows,
the fraction of a gas actually passing through the interaction region
(i.e., through the cathode sheath) is as important as the interaction
parameter for that fraction of the gas. Because at high pressures,
where the interaction parameter can be relatively high, the cathode
sheath thickness is micron-scale small, the EHD interaction can
affect only a very small portion of the macroscopic flow.

Estimates in the previous paragraphs referred to freestream con-
ditions. However, from Eqs. (6a) and (6b) it is clear that maximum
EHD eftects will occur where the flow velocity is the slowest, that is,
in the boundary layer. For the boundary layer, the interaction param-
eter can be defined as the ratio of electrostatic and shear (friction)
forces:

Z; =en Mg/t Q)



MACHERET, SHNEIDER, AND MILES 1381

where 7 is the shear stress at the wall. This equation is essentially
equivalent to Eq. (6a) where u is a characteristic velocity in the
near-wall region, also called the friction velocity*’: u =u’, where
pu> =1, o0r

u' =./t/p ®

The wall shear stress can be related to freestream conditions p, u
with well-known correlations*!:

1
T = Epuch (9)
0.664
Cr = for laminar flow
! J Re:
0.0592
= —— for turbulent flow (10)
(Ret)”

where Rej is the Reynolds number calculated at the reference tem-
perature T*. Therefore,

Z, = en+A<p/pu2 x2/cy (1n

and, since ¢y <1 for high-Reynolds-number flows, Z, greatly
exceed Z. For example, in the range Re*=10°-107, the factor
2/c; ~ 10, so that ion wind effects in the cathode sheath of a glow
discharge may affect the boundary layer and skin friction in stan-
dard sea-level airflow whose velocity far from the surface is up to
114 m/s. In air with 0.1 normal density, the velocity limit increases
to 360 m/s.

The estimates in the preceding paragraphs, using Eqs. (6a), (6b),
and (7), assumed that a single cathode—anode pair is used for flow
control. However, multiple discharges can be conceivably used, so
that the cumulative effect of many cathode sheaths would affect
the flow. A rough estimate of the number of consecutive elements,
N, required to make the total interaction parameter Z,, ~0.1-1,
is simply N =Zo/Zgup or N = Zoi/Z,, where Zgpp and Z, are
determined by Egs. (6a), (6b), and (7).

Note that the thickness of the cathode sheath of a glow discharge
is on the order of a few dozen mean free paths. Therefore, only a very
thin portion of the laminar sublayer at the cathode would be directly
affected. If the cathode is positioned downstream of the anode, the
gas in this very thin layer at the cathode would experience ion wind
forces directed both toward the surface and in the direction of the
flow. What effect these forces would have on flow behavior, such as
turbulent transition and heat transfer, remains to be studied.

In assessing ion wind effects, it is important to include the in-
evitable Joule heating. The ratio of Joule and viscous dissipation
rates is

+
Vdr

/

en Vi Ag

Z, = =27, (12)

Tu

where V! is the ion drift velocity. In the cathode sheath, where
the electric field is extremely strong, ion drift velocity is very high,
about (5-10) x 10° m/s. Because u’ is only several meters a sec-
ond, Eq. (12) shows that the heating effect in the cathode sheath
exceeds the ion wind effect by three orders of magnitude. Ther-
mal expansion would push the gas from the wall, thus opposing the
cathode-directed ion wind force. The heating would also increase
viscosity. Additionally, heating occurs not only in the sheath, but
also in the quasi-neutral plasma region of the discharge, while ion
wind is confined to the space-charge region. Thus, even if the ion
wind force can affect the viscous boundary layer, its action may
be accompanied by the strong heating generated by the same elec-
tric discharge. With regard to the experiments®”-3® where EHD (ion
wind) effects of surface glowlike discharges with dielectric barrier
on low-speed flows have been demonstrated, it would be interesting
to further investigate roles (if any) of viscous and thermal effects vs
the EHD action on the inviscid low-speed core flow.

C. Basic Analysis of Magnetohydrodynamic Flow Control

To estimate MHD effects in relatively cold hypersonic flow and
boundary layer, Eq. (5) should be analyzed jointly with other appro-
priate gasdynamic and plasma kinetic equations. The current density
can be related to the values of electric and magnetic fields through
the generalized Ohm law that is a consequence of Egs. (1-4)*':

j=0E" +(Q/B)jx B+ (QQ/B*)(jxB)xB  (13)

where E* =E + u x B is the electric field in the reference frame
moving with the gas, and 2, and 2; are the electron and ion Hall
parameters,

eB _ eB
"7 Mykyn

e

, 14
mkenn (14)

The second term on the right-hand side of Eq. (13) represents the
Hall effect, and the third term, nonlinear with respectto B, represents
the ion slip. In the analysis, we will disregard negative ions and also
assume quasi-neutrality: n, =n, >n_.

The MHD interaction parameter, also referred to as the Stuart
number S, is the ratio of ponderomotive (Ampere) and inertia forces.
With ion slip correction,

oB’L
= (15)
(1 + Q.Q2)pu

where L is the length of the MHD region. When ion slip is small
(R2.9; <« 1), the Stuart number increases with magnetic field as B>.
However, at very strong magnetic fields and in low-density gases,
when Q,€; > 1, the interaction parameter reaches its asymptotic
value independently of B:

S — (L/u)k,yny (16)

The physical meaning of Eq. (16) is that the maximum ion momen-
tum change occurs when they are essentially stopped by the strong
transverse magnetic field, and then momentum transfer from the
ions to the gas is limited by the number of collisions of a neutral
molecule with ions. Indeed, the right-hand side of Eq. (16) is simply
the ratio of the flow residence time in the MHD region to the mean
time for a molecule to collide with an ion.

As discussed in our earlier work,!6718:2272426=28 4¢ fljght Mach
numbers up to about Mach 12, thermal ionization even behind
shocks cannot provide an adequate electrical conductivity for MHD
flow control and power generation devices. (Above Mach 12, one
might achieve adequate ionization near stagnation zones and in the
boundary layers, but adequate ionization will not exist in the inviscid
flow of slender bodies for Mach numbers much higher than 12.) The
ionization must be created and sustained artificially, and the need
to spend power on ionization severely limits performance of hyper-
sonic MHD devices,!6-18:22-24.26-28 Tndeed, the work done on an
electron by the induced Faraday electric field during the electron’s
lifetime with respect to dissociative recombination with ions is

. 1 (eE)? (ekuB)?
e=eEVj— = = a7
ﬁi’l+ mkenﬂnne mkenﬂnne

where k is the load factor, £ =kuB is the induced electric field,
Vy. = eE /mke,n is the electron drift velocity, and 8 is the dissocia-
tive recombination rate constant. Although in the general problem
of MHD flow control one might also be interested in the case where
the device is not self-powered, self-powered MHD devices are obvi-
ously attractive, because they would not require any onboard power
input. In this paper, we limit our analysis to self-powered MHD
devices. For efficient self-powered operation of the MHD device,
& must be substantially larger than the energy cost W; of a newly
produced electron. Specifically, the ratio

& _ mke,fnn,W; (18)

¢ & (ekuB)?
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must be limited to a number less than 1. This obviously limits the
electron density #, and the conductivity:
e’n, C(e*kuB)?
g = =
mkenn (mkenn)zﬂWi

19)

The maximum interaction parameter per unit length is then

S e kM, : B* u
—=—X X X — (20)
L Bw; kenm 1+ M,,esz/mkenk,,+p2 o

Hypersonic MHD devices would operate downstream of one or
more oblique shocks, and it is convenient to express the interaction
parameter in terms of flight velocity, Mach number, and dynamic
pressure. Assuming that the MHD device is located downstream of a
single oblique shock with flow turning angle 6, we express the den-
sity and velocity in terms of the freestream parameters M, U, Poo
with approximate formulas that can be easily derived for oblique
shocks with small turning angles:

Poo u Uoo f4
= —, —_—= — X —
f A S
y—1
M,0)=""—
I ) |
32
+ 2
&+ D[(y + DM tan6 + /(y + 1)2M? tan’ 6 + 16]
4M tan 6
g(M,0)=1— =
(y + DM tan6 + /(y + 1)>)M?tan2 0 + 16

@D

With Eq. (21), and expressing the freestream density in terms of
dynamic pressure ¢ and velocity, po, =2¢/ uio, we obtain the final
expression for the maximum Stuart number per unit length:

S (esz,, >2 Bl <
— = X x |1
L kenm 8g18 Wi q3

MHD performance as expressed by Eq. (22) is inversely
proportional to the energy cost of producing an electron, W;.
Thus, minimization of W; is critical. As shown in our earlier
work,6:18:26.28.32=34 ¢ _rf and microwave methods of plasma gen-
eration have unacceptably high ionization cost, W; ~ 10* eV. Elec-
tron beams represent the most efficient nonequilibrium method of
ionization,'®2831:33 with W; =34 eV, and the concept of cold-air
hypersonic MHD devices with ionization by electron beams was
suggested and developed in our earlier work.!9=2% In what follows,
we will assume that ionization is done by electron beams, with
W; =34 eV, and that ¢ is limited to 0.3.

Maximum MHD interaction parameter (22) increases very
rapidly [especially if the ion slip, represented by the last factor in
Eq. (22), is not significant] with increasing magnetic field and flight
speed, and with decreasing dynamic pressure. The very sharp u’_
dependence is due to both increase in the Faraday emf with flow
velocity and to the decrease in gas density at constant ¢. Figure 1
shows S/L calculated with Eq. (22) vs flight Mach number at four
different magnetic field strengths and two values of flight dynamic
pressure. The load factor value was constant at k =0.5.

At low gas density and strong B field, which favor MHD perfor-
mance, the Hall effect becomes very significant. If the Hall current
is allowed to flow, the effective conductivity is reduced by the factor
1 + Q2, and the MHD performance decreases. In Faraday MHD de-
vices, Hall current is eliminated by segmenting electrodes.*> How-
ever, as the longitudinal Hall electric field increases, arcing between
the electrode segments can occur.*> The arcing would essentially
result in a continuous-electrode Faraday device, with dramatic re-
duction in performance.

fe*M, B*u?, -
Akenknrq? @2
enKnt+q

g=1 Atm; 6=10%0=0.3

10° % 1-B=AT
2-B=2T
10_1 _6__7.4_—--—:-3 3.B=4T
4-B=7T
g 10'2 /// 5-Ec=5 kV/im
- 6 - E_=50 kV/m
= _— _—_° °
£ 10° e B>
o 10 5
) /
B 10" ~
//
10° o
4 6 I?/I o 10 12
ac
q=0.5 Atm; 6=10° a=0.3
_—2a 1-B=1T
10° _— 2-B=2T
6 _—3 3-B=4T
- o = 4-B=7T
£ 10 =] _— 5-E.=5 kv/m
= - _—"2  [6-E=50kV/m
:IE 107 /
o §___/ _____ - o=
= s
% 10 ] e
, /
10 =

4 6 8 10 12
Mach

Fig. 1 Maximum MHD interaction parameter per unit length vs flight
Mach number: solid lines, interaction parameter at different values of
magnetic field, with no constraint on Hall field; dashed lines, upper limit
of interaction parameter imposed by constraint on maximum allowed
Hall field.

Denoting the value of the Hall field corresponding to the arcing
threshold as E ., an additional constraint in assessing the maximum
performance is

1 — k)eM,uB>
E. = (1 —kQup = &= MuB (23)
kenmp

This condition limits the allowed B field at high flow velocity and
low gas density. With this constraint, the upper limit for the inter-
action parameter per unit length becomes

24

Slim _ é-gezEguw geE(uoo B
L 28Wyq 2(1 — k)kurq

This formula does not explicitly depend on the B field and has a
weak dependence on flight conditions because, at each flight regime,
the B field is adjusted to satisfy Eq. (23).

Figure 1 shows the Hall field-limited interaction parameter of
Eq. (24) at two values of E.. Although the performance is quite
good at £, =50 kV/m, it is unacceptably low with £, =5 kV/m.
Therefore, determining the threshold field for intersegment arcing
is critical for assessing performance of hypersonic MHD devices.

The intersegment arcing in conventional high-temperature MHD
generators with thermal ionization was extensively studied both
theoretically*>*~4% and experimentally.**® Computational study
by Oliver® established 40 V as the intersegment potential drop cor-
responding to the onset of arcing, and experiments*® gave the range
40-100 V. With centimeter-scale electrode width and intersegment
gap, this would correspond to the longitudinal field of 50 V/cm or so.
However, experimental*’*® and theoretical***® studies of this ther-
mally induced arcing found that the arcing threshold increases with
increasing magnetic field and decreasing electrode surface tempera-
ture. Qualitatively, this can be explained by the reduction in electrical
conductivity in the boundary layer as the wall gets colder and by
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the effective boundary-layer conductivity reduction as (1 + ©2)~'.
Thus, even in conventional MHD devices with thermal ionization,
E . can be substantially higher than 50 V/cm.

More important, the operating conditions and the ionization
mechanism in cold-air hypersonic MHD devices differ dramat-
ically from those in conventional thermal systems. In on-ramp
MHD shock control and power generation devices,'”-?’ ionization
(n, ~ 10" cm™3, o &~ 0.5 mho/m) is sustained by electron beams.
The rate of ionization by plasma electrons is very low,'®~18 because
the ratio of effective electric field strength to the gas number density,
E/n~1071° V. cm?, both in the core flow and in the boundary
layer, results in low electron temperature. Because the gas temper-
ature in both core flow and, with proper active wall cooling, near
electrodes is below 1000 K, thermal ionization is also negligible.
Therefore, electron-beam-sustained plasmas in hypersonic MHD
devices should have higher thresholds of ionization and thermal
instabilities than conventional thermally ionized plasma. We em-
phasize that the intersegment arcing in cold-air MHD devices with
electron-beam-controlled ionization was never studied, and it should
be studied in the future because of the critical importance of E, for
the performance of those devices.

The analysis in the preceding paragraphs of this subsection so far
has been focused on MHD interaction parameters in the core flow.
Similarly to the EHD analysis in Sec. II.B, one can define an MHD
interaction parameter with respect to shear stress at the wall:

S; = o B>L/pu (25)

where ' is the friction velocity defined by Eq. (8). If, for rough
estimates, we assume that the conductivity ¢ and the density p near
the wall are equal to those in the core flow (this can be ensured
by a proper wall cooling and by contouring the profiles of ionizing
electron beams), then from Egs. (8—10) and (25) we obtain

S, =/2/c; x o B*L/pu = \/2/c; x S (26)

Therefore, in the range Re’ = 10°~107, the MHD interaction param-
eter with respect to wall shear stress greatly exceeds S: S; ~30S.
This may have interesting implications for wall friction and transi-
tion control.

Of course, MHD effects on the boundary layer would be quite
complex. First, if the load factor £ is not close to 1 or 0, then the
Joule heating is characterized by the same interaction parameters
(15) and (25), and the heating effects should be comparable to those
of ponderomotive j x B forces both in the core flow and near the
wall. Second, if the MHD region extends into the core flow, the
changes in the core flow would also affect the boundary layer. Thus,
evaluation of MHD effects on the boundary layer requires a fully
coupled analysis.

III. Electrodeless Magnetohydrodynamic Flow
Control: A Magnetothermal Funnel

Because electrode-related problems like intersegment arcing can
potentially reduce performance of MHD flow control devices, it is
interesting to consider whether MHD flow turning or compression
can be accomplished without electrodes.

Using one of the Maxwell equations,

VX B =uj 27
and the vector identity
%VBzz(B~V)B+B>< (V x B) (28)

we obtain from Eq. (5)
2

d 1 B
P — Vpten,—n —n)E+ —B-V)B—V—— +uAu
dr Ho 210

B? 1
=-V|p+—)+—B VIB+em, —n_—n)E+ pAu
210 o

(29)

Thus, magnetic field energy density, B /2o, acts as an additional
pressure. The term 1/uo(B - V)B can be interpreted as tension of
magnetic field lines due to their curvature. These ponderomotive
forces are successfully used for containment of fully ionized plasmas
in fusion devices.

With B = 1T, the magnetic pressure is about 8 atm, and significant
MHD flow turning and compression effects might be expected in hy-
personic flow. However, practical applications of the magnetic pon-
deromotive flow control would be hampered by low ionization level.
Indeed, with the conductivity of only 0.1-1 mho/m typical for MHD
devices with ionization by electron beams, Rey = ppoul < 1 and
the magnetic field is not “frozen” into the plasma. Therefore, pon-
deromotive forces depend on the conductivity, and their relative
strength is characterized by the Stuart number S that, as shown in
the preceding section, is also less than 1 for an MHD region of a few
meters in length. Note the important difference between electric and
magnetic pressures in weakly ionized plasmas. Whereas the electric
pressure can fully act on even weakly ionized gases (see Sec. 11.B),
the magnetic pressure cannot be fully exerted on weakly ionized,
low-conductivity media unless the flow velocity and/or the length
scale are extremely large.

Consider a sample case of electrodeless MHD flow control, illus-
trated in Fig. 2. Gas flows into a cylindrical duct (inlet), and magnetic
field lines are coming out of the duct in a pattern similar to that near
the edge of a solenoid. Ionizing electron beams form an annular ring
coaxial with and adjacent to the duct wall and are injected upstream,
along B field lines. With the plasma moving across the nonuniform
magnetic field, induced electric currents form circles coaxial with
the inlet. The resulting j x B forces decelerate and compress the
flow. Additionally, gas heating by the induced currents creates a
reduced-density region around and upstream of the inlet, deflecting
streamlines and causing an increase in compression and mass flow
rate into the duct. Thus, both j x B forces and heating create what
may be called a magnetothermal funnel.

The calculations were performed for freestream conditions cor-
responding to Mach 8 flight at the altitude /# =30 km, with static
pressure and temperature of 1197 Pa and 226.5 K, respectively. The
cylindrical inlet of radius, 7, =1 m, was positioned at axial lo-
cation ziye, =2 m. The model profile of a solenoid-like stationary
magnetic field in the upstream region was

B=[B.(r.2). B,(r,2),0],  B.(r.z)=—[B}(z.r)— B}(r,2)] :

Ba (Z) = Ba,max exp[_(z - Zinlet)/4]
B, (r,z) = Ba(2)(1 —exp{—[r/(0.5 - riniet) 1}) (30)

with By max =7 T.

The ionizing electron beams are injected in a 1-cm-wide ring
around the inlet. The energy of beam electrons is &, ~ 50 keV,
and their relaxation length under the conditions of this case is
L ~2.5 m. The current density of the beam at the injection point
is very high, j, ~72 mA/cm?, and the total power of the beam is

Flow
streamlines L
===z °77 * — Electron beams
"""""" "7 | inlet

io] X

/ -

_______ > Inductive heating zone:
--------- H \‘magneto-tha’mal funnel”
Flow ' '-:- ~a
streamlines Electron beams

Fig. 2 Schematic illustration of the magnetothermal funnel concept.
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0, =4.57 MW. Power deposition by electron beams was modeled
using a two-dimensional profile approximately following magnetic
field lines:

qp(z, 1) =3 x 10°exp{—[(z — 0.7)%/0.45>
+ = 1) ren(2)’]) Whm?
ro = 1.75exp(—z/0.5) 4+ 0.967

rerr(z) = 0.01 + 0.2 exp(—z/1.05) 31

where z and r are in meters. The profile of both beam-induced
ionization rates corresponds to the beam power deposition profile:

qi(z,1) = qp(z,1)/(eW)) (32)

where W; =34 eV is the energy cost of ionization by high-energy
beam electrons.

Generalized Ohm’s law (13) in the case u=(u.,u,,0),
B= (B:1 Brv 0)’ J= (05 07 ]90) is

ok} .B, — B.u,
Jo = AC zttr) (33)
T+ o.Q I+ o

This azimuthal current produces Joule heating of the gas:
. G(MZBI’ - Bzur)z
=jyEf = ———m—mm— 34
QJ Jo 7 1 ¥ QeQi ( )
and j x B forces:
F. = _ijr, F, = ijz (35)

The full set of Euler equations in cylindrical coordinates is

A S (36)
ot ar az
o puy pu;
oy pu?+p pUU;

U = |pu.|, R = PU U s Z = puf +p
ot (etor + plu, (etor + plu;
Ev E,)M,» Evuz

ou, 0
) pu? —JjoBr
H=—- PU U, + ij: (37)
r
(et + plu, 0
Evur Qv - QVT
p = — Dpéin (38)
e = p[ e + (1] +u?) /2] (39)

where p and p denote the gas density and pressure, respectively;

u,, u, are the r and z velocity components; ey, is the total energy

(internal energy, excluding the energy of vibrational mode, plus

kinetic energy) of the gas per unit volume; and &y is the internal

energy (excluding the energy of vibrational mode) per unit mass.
The source term in the total energy equation is

0=—-0,+0vr+q (40)

where the vibrational excitation term (, can be expressed
as a fraction 7, of the Joule heating rate: sznvjz/a. The
fraction 7, is a function of the local reduced electric field
Eee/n=u,B, — B.u,|/n. The fraction n, was taken from Ref. 49,
where it was tabulated as a function of E/n on the basis of the
solution of a Boltzmann kinetic equation for plasma electrons. The
remaining energy addition and dissipation terms are

Ovr = [E, — EY()] /tvr(T) (1)

where Qvr is the heating rate per unit volume due to VT relaxation;
and g, is the power deposited per unit volume by the electron beam.
Nonequilibrium and equilibrium vibrational energy was expressed
through the respective temperatures by the Planck formula, and ni-
trogen vibrational relaxation time was taken as in Refs. 16-18.

The plasma was modeled as consisting of electrons and posi-
tive and negative ions, whose number densities n,, n,,n_ obey
the quasi neutrality n, =~ n, +n_. The set of equations for kinet-
ics of charge species, accounting for electron-beam-induced ion-
ization rate (g; term), ionization rate due to plasma electrons (with
Townsend ionization coefficient o depending on the local reduced
electric field, Ecg/n = |u,B, — B.u,|/n), attachment of electrons
to molecules with formation of negative ions (frequency v,), col-
lisional detachment of electrons from negative ions (rate constant
k4), and electron—ion and ion—ion recombination (rate coefficients
B and B;;, respectively), is!6~18:33:36

on, . '
- +divl, = il +qi +kiNn_ —vn, — Bnyn,
at e
ony alji|
— +divl, = +q; — Biin_ny — Bnyn,
at e
on_ .
= +divl. = —k;Nn_ +v,n, — Biin_ny 42)

In the considered case, there are no drift fluxes along either z or
r axes (only azimuthal current j, is present) and, therefore, the
fluxes of charged species in the 7—z plane can be written simply as
.. _(rz)=n,y_(, i, +u, -i), where i, are the vectors of
unit length in z and r directions and i, . is the effective electron—ion
velocity across the magnetic field taking into account ion slip'”!8:

Urz =ty /(14 2.824) (43)

The initial conditions for plasma components are n, . _(r, z,t =
0) = 0. The boundary conditions are

Ne—(z2=0,r8) =ne 1 (Z2=zZmax, 7, 1) =0

Ne (2,7 =TFmax, t) =0, dn,y _(z,r =0,t)/dr =0 (44)

Rate coefficients of electron—ion and ion—ion recombination,
and of electron attachment and detachment processes, discussed in
Refs. 16-18 and 31-34, were taken from Refs. 50 and 51. Because
some of those rate coefficients depend on electron temperature 7,,
it is important to calculate the electron temperature in the model-
ing. In our computations, electron temperature was determined from
the tabulated data on electron diffusion and mobility coefficients of
Ref. 49. In that paper, the diffusion and mobility coefficients are
listed as functions of E/N, determined from experimental data and
extrapolation based on solution of the Boltzmann kinetic equation
for electrons in air.

Results of the calculations are shown in Figs. 3—-10. Figure 3
depicts the magnetic field lines, and Fig. 4 shows the electron beam
power deposition profile. The resulting profiles of electron density
and azimuthal current are shown in Figs. 5 and 6. Figures 7-10
show the computed profiles of static and vibrational temperatures,
gas density, and radial velocity. The formation of a magnetothermal
funnel is clearly seen in the figures.

The overall performance of the funnel can be assessed by the mass
flow rate and enthalpy flux into the inlet and by the total pressure
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Fig. 3 Magnetic field lines in the 3.
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Fig. 6 Azimuthal current density contour lines in the computed case.

coefficient. Without ionization (g, = 0), the mass flow and enthalpy
flux into the inlet are the following:

Tinlet
Mz = / 2rrp(z, ryu, dr = 139.6 kg/s
0

Tinlet
: Yp
H - = anp(z,r)uzl:i
' /0 (v —Dp

F0s(ut uf)] ar
= 438.5 MW

The total pressure coefficient, that is, the total pressure averaged
over the inlet cross section divided by the freestream total pressure,
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Fig. 8 Vibrational temperature contour lines in the computed case.
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Fig. 9 Density contours in the computed case.

i8S {Prot)/ Prot,o = 1. When the electron beam is turned on, but in the
absence of any magnetic field (B =0, ¢, #0), gas heating by the
beam and streamline deflection result in a barely noticeable increase
in mass and enthalpy fluxes and a slight decrease in total pressure:
My =z, =139.9 kg/s, H. .., =439.4 MW, (p1)/ Pror,o =0.997.
With both ionization and magnetic field on (B=B(r, z), g, #0),
the increased mass and enthalpy fluxes and the decreased total
pressure coefficient are m._ ., =146 kg/s, H._., =457.8 MW,
{Prot) / Prot.o = 0.93. The maximum flow turning induced in the flow-
field is about 2.5 deg.

The computations were performed with the second-order
MacCormack method>? on a rectangular 310 x 250 grid. Compu-
tations with a finer grid, 465 x 375, show that the mass and en-

thalpy fluxes and the total pressure are within 0.1% from those
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Fig. 10 Radial velocity contour lines in the computed case.

computed with the 310 x 250 grid, thus confirming the accuracy of
computations.

Thus, the magnetothermal funnel can indeed increase mass cap-
ture and total enthalpy flux into the inlet. However, because of
gas heating, the total pressure would decrease. In the sample case,
the beam and magnetic field parameters were not optimized, and the
effects are quite modest despite the very high current density of the
beam. The mass flow rate increase can be made stronger by using
stronger magnetic fields and higher beam currents. Practicality of
this method of flow control, with advantages weighted against flaws
(strong magnetic fields, high electron beam currents, and losses of
total pressure), should be the a subject of a systems study.

IV. Conclusions

The principal difficulty in high-speed flow control using electric
and magnetic fields is that the relatively cold gas has to be ionized
in electric discharges or by electron beams, which requires large
power inputs and results in low ionization fraction and electrical
conductivity. The low ionization fraction means that, although elec-
trons and ions can interact with electromagnetic fields, transfer of
momentum and energy to or from the bulk neutral gas can be small
compared with momentum and energy carried by the high-speed
flow.

Even at the highest values of the electric field that can exist
in cathode sheaths of electric discharges, EHD, or ion wind, ef-
fects in a single discharge can be of significance only in low-speed
core flows or in a laminar sublayer of the boundary layer. Cumula-
tive action of multi-element discharges would conceivably amplify
the single-sheath effect. However, Joule heating can overshadow the
cathode sheath ion wind effects.

Theoretical analysis of MHD flow control with electron beam
ionization of hypersonic flow shows that the MHD interaction pa-
rameter is a steeply increasing function of magnetic field strength
and the flow velocity. However, constraints imposed by arcing be-
tween electrode segments can reduce the performance and make
the maximum interaction parameter virtually independent of Mach
number. Thus, the value of critical Hall field corresponding to the
onset of arcing between electrode segments is extremely important
in designing and evaluating performance of hypersonic MHD de-
vices, and the arcing instability should be investigated theoretically
and experimentally.

Estimates of MHD interaction parameter with respect to shear
stress show that the relative strength of MHD effects can be higher
near the wall (in the boundary layer) than in the core flow, which may
have implications for MHD boundary-layer and transition control.
Overall, one of the qualitative conclusions from this work is that
large-scale bulk MHD effects on the overall hypersonic flowfield
are quite difficult (although not impossible) to achieve, whereas
small and/or localized MHD effects such as those for small-angle
flow turning or boundary-layer control may be useful for significant
flowfield manipulation.

In this paper, we also suggested a magnetothermal funnel con-
cept that would accomplish and electrodeless MHD turning and
compression of high-speed flows. Computations of a sample case
demonstrate that the turning and compression of hypersonic flow
ionized by electron beams can be achieved; however, the effect is
relatively modest due to low ionization level.
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